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ABSTRACT
In the present work, a genetic algorithm is used to optimize a hybrid rocket engine in
order to minimize the propellant required for a specific mission. In a hybrid rocket
engine, the mass flow rate of the oxidizer can be throttled to enhance the performance of
the rocket. First, an analysis of the internal ballistics and the ascent trajectory has been
carried out for different mass flow rates of the oxidizer as a function of time, for a fixed
amount of oxidizer, in order to study the effect of throttling. Two equivalent problems are
considered: in the first problem the amount of propellant is fixed, and we are seeking the
oxidizer mass flow rate as the function of time such as to maximize the altitude. In the
second problem, we obtain the mass flow rate of the oxidizer as a function of time in
order to minimize the propellant required to reach a specific altitude. A genetic algorithm
is used to find the best mass flow rate of the oxidizer. The optimization is carried out for
two different regression rate laws, one depending only on the oxidizer mass flux rate and
the other one depending on the mass flux rate of the oxidizer and the fuel. The results
obtained in both cases are similar and show that the mass flow rate of the oxidizer should
be maximized up to about one-third of the burn time and then decreased gradually. Using
this mass flow rate of the oxidizer, we obtain the best initial oxidizer to fuel ratio in order
to perform an optimal sizing of the rocket.
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1. Introduction
The dynamic optimization or the optimal control problem deals with finding the time
histories of the controls and the state variables for a dynamic system such that an
objective function is optimized (Vinter, 2002). Modern optimal control methods are
based on Pontryagin’s maximum principle. These methods are an extension of the
classical method of the calculus of the variations (Fox, 1987). Pontryagin’s maximum
principle provides the necessary conditions for optimality, which are first-order
differential equations. This results in a two-point boundary value problem (TPBVP) for
the state and the adjoint variables (Pontryagin, 1987). The TPBVPs are more difficult to
solve than the initial value problems. To avoid solving the TPBVP, direct optimization
methods have been developed (Crispin, 2007).
1.1. History
The Brachistochrone problem is the first minimum-time optimal control problem,
proposed by John Bernoulli in the 17th Century (Ben-Asher, 2010). The problem is to
find the shape of the wire to minimize the time required for a bead to descend along a
frictionless wire due to gravity. Ever since, numerous ideas were developed to solve
similar kinds of problems using the calculus of variations (Ross, 2015). The important
developments are the derivation of Euler-Lagrange equations for obtaining optimal
solutions, the Legendre condition for a weak minimizer and a Weierstrass condition for a
strong minimizer, and the Jacobi condition for non-conjugate points (Ben-Asher, 2010).
Lippisch (1946), a German aircraft designer, solved optimal control problems of
atmospheric flight by applying the methods of the calculus of variations, but he did not
obtain the right formulation of the Euler- Lagrange equations.
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In 1949, M. Hestenes considered a minimum-time problem for aircraft climb
performance. He applied the calculus of variations method. He formulated the maximum
principle as a translation of the Weierstrass condition. Unfortunately, the original work
was never published (Hestenes, 1950). Berkovitz presented Hestenes’s work, indicating
that it is more general than the maximum principle as it includes state-dependent control
bounds (Berkovitz, 1961).
In 1953, Bushaw and his advisor S. Lefschetz at Princeton University considered
time-optimal control problems outside of the calculus of variations. He considered a nonlinear oscillator formulated by the intuition that the maximum available power yields the
best results for the minimum-time problem. The optimal trajectories in the phase-plane
are obtained to be canonical paths (Bushaw, 1953; Bushaw, 1958).
During the 1960’s the maximum principle was the primary tool for solving optimal
control problems. The main application was flight trajectory optimization. Kelly
developed a generalized Legendre condition for singular arcs. But the Jacobi condition
could not be generalized to singular cases (Kelly et al., 1967). Even though it was not
successful for singular cases, employing the Jacobi condition was successful for regular
cases of optimal control (Breakwell et al., 1963). This concept opened the way for
closed-loop implementations of optimal control with the use of secondary extremals. It
was used in, for example, the re-entry phase of the Apollo flights (Kelly, 1962; Breakwell
et al.,1965).
The maximum principle transforms the optimal control problem into a TPBVP. In
most cases, it is very difficult to obtain the solution for TPBVP. Therefore, many
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numerical methods have been developed to overcome this problem. Many gradient-based
methods were developed to solve discrete-time optimal control problems (Mayne, 1966).
Kelly proposed a method to provide an analytical approximation to the exact solution
by employing singular perturbation in optimizing flight trajectories to facilitate the
TPBVP solution process (Kelly, 1973).
Murray and Yakowitz (1984) developed Newton’s Method and differential dynamic
programming to solve discrete-time optimal control problems. Liao and Shoemaker
(1991) also developed similar methods. Coleman and Liao (1995) proposed the thrust
region method for solving unconstrained discrete optimal control problems. This method
also works for large-scale minimization problems.
Betts (2001) reformulated the original dynamic optimization problem as a non-linear
programming (NLP) problem by direct transcription as a static optimization problem.
This is achieved by parameterization of the state variables or the control variables or
sometimes both. The advantage of this method is that the Hamiltonian formulation can be
completely avoided. However, there are some problems with this method. It requires an
excessive computing time if it results in a large-scale NLP problem. Numerical stability
and convergence problems might also occur. Parameterization might introduce spurious
local minima which are not present in the original problem (Crispin, 2007). Global
optimization methods can be used to overcome the above-mentioned disadvantages. The
global optimization methods include stochastic methods such as simulated annealing
(Van Laarhoven and Aarts, 1987), and evolutionary methods such as genetic algorithms
(GAs) (Michalewicz, 1992).
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Early applications of optimal control problems in the aerospace field were confined to
flight trajectory optimization problems. Later, various other aerospace applications have
been considered and successfully solved. One application which has not been considered
in the literature is hybrid rocket optimization combining with the trajectory optimization
using mass flow rate of the oxidizer as control.
1.2. Hybrid Rocket
A hybrid rocket propulsion system uses both liquid and solid propellants. A classical
hybrid rocket uses a liquid oxidizer and solid fuel. The operation of the hybrid rocket is
different from that of a liquid and a solid rocket, though there are many components
common to the liquid and the solid rocket. Although the liquid rocket is a highperformance system, it is quite complex and costly. This problem can be overcome with
the solid motor, but the disadvantages of the solid motor are danger of explosion and lack
of thrust control. Hybrid rockets provide an attractive alternative option because of their
non-explosiveness, simplicity of operation, and low cost. The hybrid burns as a
macroscopic turbulent diffusion flame, where the oxidizer to fuel ratio varies down the
length of the combustion chamber, ending at a composition that determines the
performance of the motor (Chiaverini, 2000).
1.2.1. Advantages of Hybrid Rockets
Safety: The hybrid rocket is inherently safer than the other rocket designs because
oxidizer and fuel are stored separately. Also, because the fuel is inert, storage and
handling are much simpler.
Throttling and shutdown: The hybrid rocket engine can be throttled to optimize the
trajectory during the atmospheric launch and orbital injection by modulating the oxidizer
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flow rate. In contrast, this cannot be achieved in a solid and liquid rocket, which requires
two flow rates to be synchronized while being modulated. Thrust termination for the
hybrid rocket can be accomplished simply by turning off the liquid flow rate.
Low-cost: The operational cost for a hybrid rocket system greatly benefits from the
inert and safety features. The system can tolerate larger design margins, resulting in a lower
fabrication cost. The system cost can be lowered due to the reduced failure modes, which
permits the use of commercial-grade, instead of Mil-spec, ingredients (Larson et al., 1995).
Temperature sensitivity: The concern for a maximum expected operating pressure
(MEOP) is greatly reduced because the ambient launch temperature variations have little
effect on operating chamber pressure.
Propellant versatility: In contrast to liquids, solid fuel permits the addition of many
other ingredients such as energetic metals to enhance both performance and density
without slurries.
Grain robustness: One of the tremendous advantages of any hybrid’s solid fuel is
that the grain cracks are not catastrophic because the burning occurs only in the port
where it encounters the oxidizer flow (Altman, 1991).
Environmental Cleanliness: Hybrid rockets with non-metalized fuels do not
produce hydrochloric acids, aluminum oxide, and other undesirable product species in the
exhaust. Therefore, hybrid rockets have a lesser environmental impact than solid rockets
and are at least as environmentally benign as liquid rockets (Larson et al., 1995).
1.2.2. Disadvantages of Hybrid Rockets
There are some disadvantages of hybrid rockets, despite the above advantages. These
include:
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O/F Shift: At a fixed mass flow rate, there is a tendency for the oxidizer to fuel ratio
to shift to higher values as the port opens during the burn. The change of the O/F ratio
implies a change in a specific impulse and a possible reduction in vehicle performance.
Low-Regression rate: In classical hybrids, the regression rates of commonly used
solid fuels are relatively low in comparison with solid propellants. This imposes
constraints on the fuel grain design. However, this characteristic may be an advantage for
long-duration applications such as target drones, hovering vehicles, and gas generators.
Combustion Efficiency: The combustion efficiencies of hybrid rockets are low
compared to liquid propellant or solid propellant rockets. This is due to the nature of the
large diffusion flame resulting in a lower degree of mixing.
Low-Bulk density: The density impulse of hybrid rockets is usually lower than that
of solid rockets because we must inject the total oxidizer at the head end and allow for a
mixing volume aft of the grain. This results in a lower mass fraction than in liquids or
solids.
1.3. Objective
In a hybrid rocket, the mass flow rate of the oxidizer can be controlled to increase the
performance of the rocket. Two equivalent problems are considered to enhance the
performance of the hybrid rocket by controlling the mass flow rate of the oxidizer.
First, to maximize the altitude reached for a given amount of propellant. Second is to
minimize the amount of the propellant required to reach a specific altitude and carry a given
amount of payload. A genetic algorithm is used to obtain the optimal solution for the mass
flow rate of the oxidizer.
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2. Review of the Relevant Literature
In this chapter, we discuss previous work on hybrid rockets and the ascent trajectory
optimization. Vonderwell, Murray, and Heister (1995) developed a ballistic model to
investigate the influence of fuel-grain design on the overall performance of hybrid rocket
boosters. The ballistic model is based on steady, one-dimensional compressible flow, and
includes the capability to handle arbitrary wagon-wheel fuel-grain designs. The model
has the capability to predict stagnation-pressure losses along the fuel ports and can handle
throttling. The optimization is carried out for liquid oxygen and 90% hydrogen peroxide
as oxidizers assuming hydroxyl-terminated polybutadiene as fuel. The results obtained
indicate that the liquid-oxygen system optimizes to a higher number of ports and the mass
flux levels compare to the hydrogen peroxide system.
Schoonover et al., (2000) optimized the design of a large hybrid rocket booster using
a genetic algorithm optimization technique. They used a hybrid rocket optimal sizing
code developed at Purdue University to minimize the gross lift-off weight or total inert
weight. Optimal or near-optimal solutions were obtained for continuous variables such as
tank pressure, chamber pressure, and oxidizer mass flow rate, and the discrete variables
such as propellant combination and the number of fuel ports, were simultaneously
optimized.
Kim and Spencer (2002) used a genetic algorithm to solve the optimal rendezvous of
two spacecraft. They obtained the thrust time history that includes the magnitude and the
direction of the velocity change, and the burn position such that the boundary conditions
are satisfied. This method was used to solve three test cases: 1) the Hohmann transfer 2)
the bielliptic transfer and 3) Rendezvous with two impulses. The results for the first two
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cases match the analytical solutions; for the rendezvous with two impulse case, the results
do not match the analytical solution, but the configuration of the trajectory is similar to
the analytical solution.
Casalino and Pastrone (2005) analyzed the effect of design parameters and oxidizer
flow rate control of a hybrid rocket for small satellites. The design parameters are
optimized to minimize the engine mass, keeping the initial satellite mass and required
velocity increment constant. Several control strategies are compared to study the effect of
throttling. From the results, the constant mixture ratio control had a large thrust variation,
but repressurization control reduced the thrust variation. The constant pressure controls
both the combustion chamber pressure and the tank pressure to ensure a quasi- constant
thrust and reduce the engine dimensions.
Park, Scheers, and Guibout (2006), proposed a new method based on Hamiltonian –
Jacobi theory to evaluate an optimal trajectory and optimal feedback control. A
continuous thrust rendezvous problem relative to a circular orbit has been solved using
this method. The optimal feedback control and the optimal trajectory are obtained using
generating functions, which are developed as series expansions. The optimal trajectories
obtained are compared with the numerical solution obtained using a two-point boundary
value problem using a forward shooting method. The results obtained imply that this
method can be considered as an alternative and effective way of solving non-linear
optimal rendezvous problems.
Rhee et al. (2008) conducted a feasibility study of a hybrid rocket motor with
HTPB/LOX combination to substitute for the solid rocket motor of the first stage of the
Pegasus XL. The optimal design of a hybrid rocket motor was carried out to minimize the
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total mass of the vehicle and to minimize the engine length separately to determine which
approach is more efficient. The result shows that both approaches provide nearly the
same results.
Casalino and Pastrone (2010) optimized a hybrid rocket motor for an upper stage
launcher. The design parameters of a hybrid rocket and the trajectory are simultaneously
optimized to maximize the payload inserted into a prescribed orbit. The optimal values
are obtained for pressurizing gas mass, nozzle expansion ratio, initial value of the tank
pressure, mixture ratio, and thrust. The trajectory optimization is carried out by
controlling thrust direction. The results obtained show that the hybrid rocket provides
better results than the solid or the liquid rocket upper stage launchers.
Casalino and Pastrone (2012) analyzed the performance of single-stage and two-stage
hybrid rockets for different payload fractions. They used a multi-disciplinary
optimization method, which combines the direct optimization of design parameters and
indirect optimization of trajectory to maximize the final Mach number for given initial
conditions, assigned payload, and final altitude. The results obtained show that two-stage
rockets offer better performance for a small payload fraction and large final velocities.
Rao et al. (2012) designed a two-stage variable thrust hybrid rocket motor for
sounding rockets. They developed a computational program to predict the internal
ballistics and trajectory. A modified differential evolution algorithm is employed to
maximize the payload mass for a star grain and the wheel grain geometries. The
computational results indicate that a larger payload mass and a lower length to diameter
ratio were obtained for the wheel grain geometry.

10
Cai et al. (2013) used an optimal design method to optimize the design of a ballistic
single-stage sub-orbital hybrid rocket vehicle. The optimal method is based on the multiisland genetic algorithm. The optimization is carried out for different propellant
combinations and grain types to analyze the effect of design parameters and the
propellant combination on the performance of the hybrid rocket. The results show that the
total mass of the vehicle can be reduced by increasing the oxidizer mass concentration. A
multi-tube grain performs the best compared to star-port grain, single circular port grain,
and wheel port grain because it has the largest burning perimeter length.
Casalino, Pastrone, and Simeoni (2015) introduced different strategies to reduce the
computational time required to optimize the upper-stage hybrid rocket. The
computational time was reduced by 15-20%, and the robustness of the optimizer was
increased by using a multiple-shooting approach. The performance of the previously
developed evolutionary algorithm was increased by better formulation of the fitness
function.
Casalino, Pastrone and Masseni (2018) optimized a three-stage hybrid rocket with
different numbers of engines in each stage for a small-satellite launcher. The trajectory
optimization is carried out by controlling the velocity angle on the horizon at first stage
ignition in order to maximize the payload mass for a given inert orbit. The results are
compared for two designs. In the first one the acceleration at the first stage is fixed, and
in the second case, the initial thrust is optimized. The results show that payload is
maximum for the second design but requires a constraint on maximum acceleration.
From this literature review, it is observed that the optimization of a hybrid rocket has
been carried out to obtain the optimal design parameters such as fuel-grain geometry,
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chamber pressure, initial tank pressure, and initial oxidizer to fuel ratio. The trajectory
optimization is done by controlling the thrust directly. But, in a hybrid rocket, we cannot
control the thrust directly; only the mass flow rate of the oxidizer can be controlled. In
the present work, we optimize the internal ballistics and the trajectory together to obtain
the optimal mass flow rate of the oxidizer as a function of time to minimize the propellant
required to reach a specific altitude for a given mission. First, we solve for optimal
control using a genetic algorithm to maximize the altitude for a fixed amount of
propellant. Later, we solve for propellant required to reach a specific altitude using the
optimal mass flow rate of the oxidizer obtained from the genetic algorithm. We initially
considered a simple regression rate equation depending only on the mass flux rate of the
oxidizer, then we considered a regression rate equation depending on both the mass flux
rate of the oxidizer and the fuel. Next, we present the mathematical formulation for
internal ballistics of hybrid rocket, ascent trajectory, and optimal control problems.
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3. Internal Ballistics of Hybrid Rocket
In this chapter, we will discuss the internal ballistics of a hybrid rocket engine. The
internal ballistics depend on the solid fuel regression rate 𝑟𝑟̇ . Initially, we consider a

simple regression rate equation depending only on the mass flux rate of the oxidizer,
which is given by the expression (Altman, 1991):
𝑛𝑛
𝑟𝑟̇ (𝑡𝑡, 𝑥𝑥) = 𝑎𝑎𝑥𝑥 𝑚𝑚 𝐺𝐺𝑜𝑜𝑜𝑜

(3.1)

where 𝑥𝑥 is the axial distance from the port entrance, 𝑎𝑎 is the regression rate coefficient,
𝑛𝑛, 𝑚𝑚 are regression rate exponents and 𝐺𝐺𝑜𝑜𝑜𝑜 is the oxidizer mass flux rate.

The mass flux rate is defined as the mass flow per unit cross-sectional area. The mass

flux rate of the oxidizer is given by:
𝐺𝐺𝑜𝑜𝑜𝑜 =

𝑚𝑚̇𝑜𝑜𝑜𝑜
𝑁𝑁𝐴𝐴𝑝𝑝

(3.2)

where, 𝑚𝑚̇𝑜𝑜𝑜𝑜 is the oxidizer mass flow rate, 𝑁𝑁 is the number of ports and 𝐴𝐴𝑝𝑝 is the area of

the port. The mass flux rate of the fuel is given by:

where 𝑚𝑚̇𝑓𝑓 is the fuel mass flow rate.

𝐺𝐺𝑓𝑓 =

𝑚𝑚̇𝑓𝑓
𝑁𝑁𝐴𝐴𝑝𝑝

(3.3)

As the fuel burns, the cross-sectional area of the port 𝐴𝐴𝑃𝑃 increases and the mass flux

rate of the propellant varies as a function of time 𝑡𝑡 and axial distance 𝑥𝑥. The mass flux
rate of the propellant G is given by:

𝐺𝐺(𝑡𝑡, 𝑥𝑥) = 𝐺𝐺𝑓𝑓 (𝑡𝑡, 𝑥𝑥) + 𝐺𝐺𝑜𝑜𝑜𝑜 (𝑡𝑡, 𝑥𝑥)

(3.4)

The mass flow rate of the fuel 𝑑𝑑𝑚𝑚̇𝑓𝑓 generated in a single port for a small differential area
as shown in Figure 3.1between station 𝑥𝑥 and station 𝑥𝑥 + 𝑑𝑑𝑑𝑑 is:
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𝑑𝑑𝑚𝑚̇𝑓𝑓 = 𝜌𝜌𝑓𝑓 𝑟𝑟̇ (𝑡𝑡, 𝑥𝑥)𝑃𝑃𝑝𝑝 (𝑡𝑡, 𝑥𝑥)𝑑𝑑𝑑𝑑

(3.5)

where ρf is the density of the fuel, and 𝑃𝑃𝑝𝑝 (𝑡𝑡, 𝑥𝑥)𝑑𝑑𝑑𝑑 is the contact area between the solid
fuel and the mixture of reacting gases in the port between station 𝑥𝑥 and station 𝑥𝑥 + 𝑑𝑑𝑑𝑑.

Figure 3.1 Axial cross-section of the solid fuel port

The fuel mass flux rate 𝐺𝐺𝑓𝑓 (𝑡𝑡, 𝑥𝑥) can be obtained by integrating the amount of fuel

released from the solid fuel along the axis of the port 𝑥𝑥. The mass flux rate of the fuel
generated between the entrance to the port 𝑥𝑥 = 0 and station 𝑥𝑥 is given by:
𝑥𝑥

𝑥𝑥

∫ 𝑑𝑑𝑚𝑚̇𝑓𝑓 ∫0 𝜌𝜌𝑓𝑓 𝑟𝑟̇ (𝑡𝑡, 𝜉𝜉)𝑃𝑃𝑝𝑝 (𝑡𝑡, 𝜉𝜉)𝑑𝑑𝑑𝑑
𝐺𝐺𝑓𝑓 (𝑡𝑡, 𝑥𝑥) = 0
=
𝐴𝐴𝑝𝑝 (𝑡𝑡, 𝑥𝑥)
𝐴𝐴𝑝𝑝 (𝑡𝑡, 𝑥𝑥)

(3.6)

The cross-sectional area of the port 𝐴𝐴𝑝𝑝 and the perimeter of the port 𝑃𝑃𝑝𝑝 are given by the
following equations in terms of the hydraulic diameter DH (𝑡𝑡).
𝐴𝐴𝑝𝑝 (𝑡𝑡) =

𝜋𝜋𝐷𝐷𝐻𝐻2 (𝑡𝑡)
4

𝑃𝑃𝑝𝑝 (𝑡𝑡) = 𝜋𝜋𝐷𝐷𝐻𝐻 (𝑡𝑡)

(3.7)
(3.8)

Here we present a simplified model by considering average values of the regression
rate and hydraulic diameter along the port axis. We eliminate the dependence of the
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regression rate and hydraulic diameter on the coordinate 𝑥𝑥 so that the flux rate 𝐺𝐺f (𝑡𝑡, 𝑥𝑥)

can be approximated by the following expression.

𝑟𝑟̇ (𝑡𝑡)𝑃𝑃𝑝𝑝 (𝑡𝑡) 𝐿𝐿𝑝𝑝
4𝜌𝜌𝑓𝑓 𝐿𝐿𝑝𝑝 𝑟𝑟̇ (𝑡𝑡)𝑃𝑃𝑝𝑝 (𝑡𝑡)
𝐺𝐺𝑓𝑓 (𝑡𝑡) = 4𝜌𝜌𝑓𝑓
� 𝑑𝑑𝑑𝑑 =
𝐴𝐴𝑝𝑝 (𝑡𝑡) 0
𝐴𝐴𝑝𝑝 (𝑡𝑡)

(3.9)

where Lp is the port length. Substituting Equations (3.7) and (3.8) into Equation (3.9), and
simplifying we get following equation for the mass flux rate of the oxidizer.
𝐺𝐺𝑓𝑓 (𝑡𝑡) =

(3.10)

4𝜌𝜌𝑓𝑓 𝐿𝐿𝑝𝑝 𝑟𝑟̇ (𝑡𝑡)
𝐷𝐷𝐻𝐻 (𝑡𝑡)

The regression rate can be approximated by:

(3.11)

𝑛𝑛
𝑟𝑟̇ (𝑡𝑡) = 𝑎𝑎𝐿𝐿𝑚𝑚
𝑝𝑝 𝐺𝐺𝑜𝑜𝑜𝑜

Substituting the area of the port Equation (3.7) into the oxidizer mass flux rate Equation
(3.2), we obtain:
𝐺𝐺𝑜𝑜𝑜𝑜 (𝑡𝑡) =

(3.12)

4𝑚𝑚̇𝑜𝑜𝑜𝑜 (𝑡𝑡)
𝜋𝜋𝜋𝜋𝐷𝐷𝐻𝐻2 (𝑡𝑡)

Substituting the expression for the regression rate 𝑟𝑟̇ (𝑡𝑡) and 𝐺𝐺𝑜𝑜𝑜𝑜 in Equation (3.10), we

obtain the equation for the fuel mass flux rate. The propellant mass flow rate is given by
Equation (3.14):
𝐺𝐺𝑓𝑓 (𝑡𝑡) =

4𝜌𝜌𝑓𝑓 𝑎𝑎𝐿𝐿𝑚𝑚+1
𝑝𝑝

4𝑚𝑚̇𝑜𝑜𝑜𝑜 (𝑡𝑡)
1
�
�
𝐷𝐷𝐻𝐻 (𝑡𝑡) 𝜋𝜋𝜋𝜋𝐷𝐷𝐻𝐻2 (𝑡𝑡)

𝑛𝑛

(3.13)

𝑚𝑚̇𝑝𝑝 (𝑡𝑡) = 𝑚𝑚̇𝑜𝑜𝑜𝑜 (𝑡𝑡) + 𝑚𝑚̇𝑓𝑓 (𝑡𝑡)

(3.14)

𝐷𝐷𝐻𝐻 (𝑡𝑡) = 𝐷𝐷𝐻𝐻0 + 2𝑤𝑤(𝑡𝑡)

(3.15)

The hydraulic diameter at any time 𝑡𝑡 is given by:

where w(t) is the solid fuel web distance at time 𝑡𝑡 and 𝐷𝐷𝐻𝐻0 is the initial hydraulic

diameter as shown in Figure 3.2.
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Figure 3.2 Cross-section of a circular port

Taking the derivative of the hydraulic diameter with respect to time we obtain:
(3.16)

𝑑𝑑𝐷𝐷𝐻𝐻 2𝑑𝑑𝑑𝑑
=
= 2𝑟𝑟̇ (𝑡𝑡)
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
𝑑𝑑𝐷𝐷𝐻𝐻
𝑛𝑛
= 2𝑎𝑎𝐿𝐿𝑚𝑚
𝑝𝑝 𝐺𝐺𝑜𝑜𝑜𝑜 (𝑡𝑡)
𝑑𝑑𝑑𝑑

𝑑𝑑𝐷𝐷𝐻𝐻
4𝑚𝑚̇𝑜𝑜𝑜𝑜
= 2𝑎𝑎𝐿𝐿𝑚𝑚
�
𝑝𝑝 �
𝑑𝑑𝑑𝑑
𝜋𝜋𝜋𝜋𝐷𝐷𝐻𝐻2 (𝑡𝑡)

(3.17)
𝑛𝑛

(3.18)

We non-dimensionalize the internal ballistics equations by introducing the following nondimensional parameters.
𝑡𝑡̅ =

𝑡𝑡
;
𝜏𝜏

�̇ 𝑜𝑜𝑜𝑜 =
𝑚𝑚
𝜏𝜏 =

𝑚𝑚̇𝑜𝑜𝑜𝑜
;
𝑚𝑚̇𝑜𝑜𝑜𝑜0

𝑤𝑤𝑓𝑓
;
𝑟𝑟̇0

�𝐻𝐻 =
𝐷𝐷

𝐷𝐷𝐻𝐻
;
𝐷𝐷𝐻𝐻0

�̇ 𝑓𝑓 =
𝑚𝑚
𝜆𝜆1 =

𝑚𝑚̇𝑓𝑓
;
𝑚𝑚̇𝑓𝑓0

𝑤𝑤𝑓𝑓
;
𝐷𝐷𝐻𝐻0

̅ =
𝐺𝐺𝑜𝑜𝑜𝑜
�̇ 𝑝𝑝 =
𝑚𝑚

𝐺𝐺𝑜𝑜𝑜𝑜
;
𝐺𝐺𝑜𝑜𝑜𝑜0

𝑚𝑚̇𝑝𝑝
;
𝑚𝑚̇𝑝𝑝0

𝑛𝑛
𝑟𝑟̇0 = 𝑎𝑎𝐿𝐿𝑚𝑚
𝑝𝑝 𝐺𝐺𝑜𝑜𝑜𝑜0 ;

𝐺𝐺𝑓𝑓̅ =
(𝑂𝑂𝑂𝑂)0 =
𝑂𝑂𝑂𝑂 =

𝐺𝐺𝑓𝑓
;
𝐺𝐺𝑓𝑓0

𝐺𝐺𝑜𝑜𝑜𝑜0
;
𝐺𝐺𝑓𝑓0

𝐺𝐺𝑜𝑜𝑜𝑜
;
𝐺𝐺𝑓𝑓
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where 𝜏𝜏 is the characteristic time, 𝑤𝑤𝑓𝑓 is the final fuel web thickness, 𝑟𝑟̇0 is the initial web

thickness, 𝐷𝐷𝐻𝐻0 is the initial hydraulic diameter, 𝐺𝐺𝑜𝑜𝑜𝑜0 is the initial oxidizer mass flux rate,

𝐺𝐺𝑓𝑓0 is the nitial fuel mass flux rate, 𝑚𝑚̇𝑜𝑜𝑜𝑜0 is the initial mass flow rate of oxidizer, 𝑚𝑚̇𝑓𝑓0 is
the initial mass flow rate of fuel, 𝑚𝑚̇𝑝𝑝0 is the initial propellant mass flow rate, (𝑂𝑂𝑂𝑂)0 is

the initial oxidizer to fuel ratio, and 𝑂𝑂𝑂𝑂 is the oxidizer to fuel ratio.

Substituting the non-dimensional parameters in Equations (3.12), (3.13), (3.14)

and (3.18), we obtain following equations:
̅ (𝑡𝑡̅) =
𝐺𝐺𝑜𝑜𝑜𝑜 (𝑡𝑡)𝐺𝐺𝑜𝑜𝑜𝑜

�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅)
4𝑚𝑚̇𝑜𝑜𝑜𝑜0 𝑚𝑚
2 �2
𝜋𝜋𝜋𝜋𝐷𝐷𝐻𝐻0
𝐷𝐷𝐻𝐻 (𝑡𝑡̅)

�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅) 𝑛𝑛
4𝜌𝜌𝑓𝑓 𝑎𝑎𝑎𝑎𝑚𝑚+1
4𝑚𝑚̇𝑜𝑜𝑜𝑜0 𝑚𝑚
𝑝𝑝
𝐺𝐺𝑓𝑓0 𝐺𝐺𝑓𝑓̅ (𝑡𝑡̅) =
�
�
2 �2
�𝐻𝐻 (𝑡𝑡̅) 𝜋𝜋𝜋𝜋𝐷𝐷𝐻𝐻0
𝐷𝐷𝐻𝐻0 𝐷𝐷
𝐷𝐷𝐻𝐻 (𝑡𝑡̅)
�̇ 𝑝𝑝 (𝑡𝑡̅) = 𝑚𝑚̇𝑜𝑜𝑜𝑜0 𝑚𝑚
�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅) + 𝑚𝑚̇𝑓𝑓0 𝑚𝑚
�̇ 𝑓𝑓 (𝑡𝑡̅)
𝑚𝑚̇𝑝𝑝0 𝑚𝑚
�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅) 𝑛𝑛
�𝐻𝐻
𝐷𝐷𝐻𝐻0 𝑑𝑑𝐷𝐷
4𝑚𝑚̇𝑜𝑜𝑜𝑜0 𝑚𝑚
𝑚𝑚
= 2𝑎𝑎𝐿𝐿𝑝𝑝 �
�
2 �2
𝜏𝜏𝜏𝜏𝑡𝑡̅
𝜋𝜋𝜋𝜋𝐷𝐷𝐻𝐻0
𝐷𝐷𝐻𝐻 (𝑡𝑡̅)

(3.19)

(3.20)

(3.21)

(3.22)

By simplifying the above equations, we get the equations for the hydraulic diameter, the
mass flux rate of the oxidizer, the mass flux rate of the fuel and the propellant mass flow
rate are obtained in non-dimensional form.
̅ (𝑡𝑡̅) =
𝐺𝐺𝑜𝑜𝑜𝑜

�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅)
𝑚𝑚
�𝐻𝐻2 (𝑡𝑡̅)
𝐷𝐷

�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅)
1
𝑚𝑚
𝐺𝐺𝑓𝑓̅ (𝑡𝑡̅) =
� 2
�
�𝐻𝐻 (𝑡𝑡̅) 𝐷𝐷
�𝐻𝐻 (𝑡𝑡̅)
𝐷𝐷

(3.23)
𝑛𝑛

(3.24)
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�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅) 𝑛𝑛
(𝑂𝑂𝑂𝑂)0
1
𝑚𝑚
�̇ 𝑝𝑝 (𝑡𝑡̅) = �
�̇ (𝑡𝑡̅) + �
� (𝑡𝑡̅) �
𝑚𝑚
� 𝐷𝐷
� 𝑚𝑚
�
�𝐻𝐻2 (𝑡𝑡̅)
(𝑂𝑂𝑂𝑂)0 + 1 𝐻𝐻
(𝑂𝑂𝑂𝑂)0 + 1 𝑜𝑜𝑜𝑜
𝐷𝐷
�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅) 𝑛𝑛
�𝐻𝐻
𝑑𝑑𝐷𝐷
𝑚𝑚
= 2𝜆𝜆1 � 2
�
�𝐻𝐻 (𝑡𝑡̅)
𝑑𝑑𝑡𝑡̅
𝐷𝐷

(3.25)

(3.26)

The internal ballistics equations are obtained in non-dimensional form. Now we
introduce the ascent trajectory equations in non-dimensional form.
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4. Ascent Trajectory
In this chapter, we obtain the ascent trajectory equations. Let us consider the case
where the rocket is climbing vertically in a constant gravity field, and we are neglecting
the effect of aerodynamic drag. Newton’s second law of motion can be written as:
(4.1)

𝑀𝑀(𝑡𝑡)𝑎𝑎 = 𝐹𝐹(𝑡𝑡) − 𝑀𝑀(𝑡𝑡)𝑔𝑔

where F(t) is the thrust force acting on the vehicle, a is the acceleration of vehicle,

M(t) is the mass of the vehicle as a function of time, and g is acceleration due to gravity.
The thrust of the rocket engine assuming nozzle exit pressure is equal to the

atmospheric pressure, is given by:
(4.2)

𝐹𝐹(𝑡𝑡) = 𝑚𝑚̇𝑝𝑝 (𝑡𝑡)𝑢𝑢𝑒𝑒

where 𝑚𝑚̇𝑝𝑝 (𝑡𝑡) is propellant mass flow rate given by Equation (3.25), and 𝑢𝑢𝑒𝑒 is the nozzle
exit velocity. The equations of motion in differential form can be written as:

(4.3)

𝑑𝑑𝑑𝑑 𝑚𝑚̇𝑝𝑝 (𝑡𝑡)𝑢𝑢𝑒𝑒
=
− 𝑔𝑔
𝑑𝑑𝑑𝑑
𝑀𝑀(𝑡𝑡)

(4.4)

𝑑𝑑ℎ
= 𝑣𝑣(𝑡𝑡)
𝑑𝑑𝑑𝑑

where, 𝑣𝑣 is the velocity of the vehicle, and ℎ is the altitude reached by the vehicle. The
change in mass of the vehicle with respect to time is given by the following equation.

(4.5)

𝑑𝑑𝑑𝑑
= −𝑚𝑚̇𝑝𝑝 (𝑡𝑡)
𝑑𝑑𝑑𝑑

The following non-dimensional variables are then introduced to obtain the nondimensional ascent trajectory equations:
ℎ� =

ℎ
;
ℎ𝑚𝑚

�=
𝑀𝑀

𝑀𝑀
;
𝑀𝑀0

𝑣𝑣̅ =

𝑣𝑣
;
𝑣𝑣𝑐𝑐

𝑣𝑣𝑐𝑐 =

ℎ𝑚𝑚
𝜏𝜏
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where ℎ𝑚𝑚 is the characteristic altitude, 𝑀𝑀0 is the initial mass of the vehicle, and 𝑣𝑣𝑐𝑐 is the

characteristic velocity. Substituting the non-dimensional variables in Equations (3.2),
(3.3), and (3.4) we obtain:
�̇ 𝑝𝑝 (𝑡𝑡̅)𝑢𝑢𝑒𝑒 𝑔𝑔𝑔𝑔
𝑣𝑣𝑐𝑐 𝑑𝑑𝑣𝑣̅ 𝑚𝑚̇𝑝𝑝0 𝑚𝑚
=
−
� (𝑡𝑡̅)
𝜏𝜏𝜏𝜏𝑡𝑡̅
𝑣𝑣𝑐𝑐
𝑀𝑀0 𝑀𝑀

(4.6)

�
𝑀𝑀𝑜𝑜 𝑑𝑑𝑀𝑀
�̇ 𝑝𝑝 (𝑡𝑡̅)
= −𝑚𝑚̇𝑝𝑝0 𝑚𝑚
𝜏𝜏𝜏𝜏𝑡𝑡̅

(4.8)

ℎ𝑚𝑚 𝑑𝑑ℎ�
= 𝑣𝑣𝑐𝑐 𝑣𝑣̅
𝜏𝜏𝜏𝜏𝑡𝑡̅

(4.7)

By simplifying Equations (4.6), (4.7), and (4.8) The ascent trajectory equations in nondimensional form are obtained.

𝛿𝛿1 =

�̇ 𝑝𝑝 (𝑡𝑡̅)
𝑚𝑚
𝑑𝑑𝑣𝑣̅
= 𝛿𝛿1
− 𝛿𝛿2
� (𝑡𝑡̅)
𝑑𝑑𝑡𝑡̅
𝑀𝑀
𝑚𝑚̇𝑝𝑝0 𝜏𝜏𝑢𝑢𝑒𝑒
;
𝑀𝑀0 𝑣𝑣𝑐𝑐

𝑑𝑑ℎ�
= 𝑣𝑣̅
𝑑𝑑𝑡𝑡̅

𝛿𝛿2 =

(4.9)
𝑔𝑔𝑔𝑔
;
𝑣𝑣𝑐𝑐

�
𝑚𝑚̇ 𝜏𝜏
𝑑𝑑𝑀𝑀
�̇ 𝑝𝑝 (𝑡𝑡̅) 𝑝𝑝0
= −𝑚𝑚
𝑑𝑑𝑡𝑡̅
𝑀𝑀𝑜𝑜

We now have internal ballistics and ascent trajectory equations in nondimensional form. These equations are coupled non-linear algebraic equations. We
cannot solve these equations analytically. Therefore, we implement Runge-Kutta-4
method to solve these equations numerically.

(4.10)
(4.11)
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5. Initial Sizing of the Hybrid Rocket
To solve the internal ballistics and ascent trajectory equations numerically, we
consider a rocket vehicle similar to Spaceship I with Hydroxyl terminated poly butadiene
(HTPB) as solid fuel and Nitrous tetroxide (N2O4) as liquid oxidizer. We consider
following parameters.
Total mass of the vehicle M0 = 3600 Kg.
Propellant mass Mp = 1900 Kg.

The optimal specific impulse for the propellant combination of HTPB/ N2O4 is 297s
at an oxidizer to fuel ratio (O/F) of 3.12. So, we use this O/F ratio for sizing the rocket.
Mass of the propellant 𝑀𝑀𝑝𝑝 , oxidizer to fuel ratio 𝑂𝑂/𝐹𝐹, mass of the fuel and the mass of
the oxidizer are obtained using Equations (5.1), (5.2), (5.3), and (5.4) respectively.
𝑀𝑀𝑝𝑝 = 𝑀𝑀𝑜𝑜𝑜𝑜 + 𝑀𝑀𝑓𝑓
𝑂𝑂/𝐹𝐹 =
𝑀𝑀𝑓𝑓 =

𝑀𝑀𝑜𝑜𝑜𝑜
𝑀𝑀𝑓𝑓

𝑀𝑀𝑝𝑝
1 + (𝑂𝑂/𝐹𝐹)

𝑀𝑀𝑜𝑜𝑜𝑜 =

(5.1)
(5.2)
(5.3)

𝑀𝑀𝑝𝑝 (𝑂𝑂/𝐹𝐹)
1 + (𝑂𝑂/𝐹𝐹)

(5.4)

𝑀𝑀𝑜𝑜𝑜𝑜
;
𝜌𝜌𝑜𝑜𝑜𝑜

(5.5)

The required volumes of the fuel and the oxidizer can be determined using the following
equations:
𝑉𝑉𝑓𝑓 =

𝑀𝑀𝑓𝑓
;
𝜌𝜌𝑓𝑓

𝑉𝑉𝑜𝑜𝑜𝑜 =

where Vf is volume of the fuel, 𝜌𝜌𝑓𝑓 is density of the fuel, Vox is volume of the oxidizer, and

𝜌𝜌𝑜𝑜𝑜𝑜 is density of the oxidizer,

21
In this case, we are considering a 7- circular port geometry. The required fuel
volume per port is given by:
𝑉𝑉𝑓𝑓𝑓𝑓 =

𝑉𝑉𝑓𝑓
7

(5.6)

Figure 5.1 Cross-section of a seven circular port geometry
Now, we obtain the size of the circular fuel ports as we have the volume of the fuel
per port. We consider the burn time to be 80 sec. First, we estimate the mass flow rate of
fuel and oxidizer through all the ports.
𝑚𝑚̇𝑜𝑜𝑜𝑜 =

𝑀𝑀𝑜𝑜𝑜𝑜
𝑡𝑡𝑏𝑏

(5.7)

𝑀𝑀𝑓𝑓
𝑡𝑡𝑏𝑏

(5.8)

𝑚𝑚̇𝑜𝑜𝑜𝑜
𝑁𝑁𝐴𝐴𝑝𝑝0

(5.9)

𝑚𝑚̇𝑓𝑓 =

The initial mass flux rate of the oxidizer Goxo , and fuel Gfo are given by the following
equations.

𝐺𝐺𝑜𝑜𝑜𝑜𝑜𝑜 =
𝐺𝐺𝑓𝑓0 =

𝑚𝑚̇𝑓𝑓
𝑁𝑁𝐴𝐴𝑝𝑝0

(5.10)
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where Ap0 is the initial area of the port and is given by:
𝐴𝐴𝑝𝑝0 =

𝜋𝜋 2
𝐷𝐷
4 𝑃𝑃0

(5.11)

To determine the initial port diameter 𝐷𝐷𝑃𝑃0 , we considered the initial mass flux rate of the
oxidizer 𝐺𝐺𝑜𝑜𝑜𝑜0 to be 350 Kg/ m2 s (Humble) and solve equations (5.8) and (5.9).

The solid fuel thickness or the web thickness 𝑤𝑤𝑓𝑓 can be estimated using average

regression rate 𝑟𝑟̇𝑎𝑎𝑎𝑎 and the burn time 𝑡𝑡𝑏𝑏 .

𝑤𝑤𝑓𝑓 ≈ 𝑟𝑟̇𝑎𝑎𝑎𝑎 𝑡𝑡𝑏𝑏

(5.12)

As the burn progresses, the cross-sectional area of the port increases. Therefore,
the mass flux rate of the oxidizer and the fuel will decrease. So, we estimate the final
regression rate 𝑟𝑟̇𝑓𝑓 to be about one-quarter of the initial regression rate 𝑟𝑟̇0 . The average

regression rate and the final the final diameter of the port are obtained using Equations
(5.13) and (5.14)
𝑟𝑟̇𝑎𝑎𝑎𝑎 =

𝑟𝑟̇0 + 𝑟𝑟̇𝑓𝑓 5
= 𝑟𝑟̇0
2
8

𝐷𝐷𝑝𝑝𝑝𝑝 = 𝐷𝐷𝑝𝑝0 + 2𝑤𝑤𝑓𝑓

(5.13)
(5.14)

We have the values of the initial and the final diameters of the port, so we can obtain the
cross-sectional area Asf of the solid fuel for one port.
𝐴𝐴𝑠𝑠𝑠𝑠 =

𝜋𝜋 2
2
(𝐷𝐷𝑝𝑝𝑝𝑝 − 𝐷𝐷𝑝𝑝0
)
4

(5.15)

𝑉𝑉𝑓𝑓𝑓𝑓
𝐴𝐴𝑠𝑠𝑠𝑠

(5.16)

The length of the port can be estimated using following equation.
𝐿𝐿𝑝𝑝 =
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Table 5.1
Initial Sizing of hybrid rocket.
Hybrid Rocket Design Parameters
Total mass of the vehicle ( 𝑀𝑀0 )

3600 Kg

Initial oxidizer to fuel ratio ( 𝑂𝑂𝑂𝑂0 )

3.12

Propellant mass ( 𝑀𝑀𝑝𝑝 )

1900 Kg

Mass of the fuel ( 𝑀𝑀𝑓𝑓 )

461.17 Kg

Density of the fuel ( 𝜌𝜌𝑓𝑓 )

930 Kg/m3

Mass of the oxidizer ( 𝑀𝑀𝑜𝑜𝑜𝑜 )

1438.8 Kg

Density of the oxidizer ( 𝜌𝜌𝑜𝑜𝑜𝑜 )

1440 Kg/m3

Fuel volume ( 𝑉𝑉𝑓𝑓 )

0.5 m3

Fuel Volume per port ( 𝑉𝑉𝑓𝑓𝑓𝑓 )

0.07086 m3

Average oxidizer mass flow rate ( 𝑚𝑚̇𝑜𝑜𝑜𝑜_𝑎𝑎𝑎𝑎 )

18 Kg/s

Liquid oxidizer volume ( 𝑉𝑉𝑜𝑜𝑜𝑜 )
Number of ports ( 𝑁𝑁 )
Burn time ( 𝑡𝑡𝑏𝑏 )

Average fuel mass flow rate( 𝑚𝑚̇𝑓𝑓_𝑎𝑎𝑎𝑎 )

1 m3

7

80 sec

5.76 Kg/s

Initial mass flux rate of the oxidizer ( 𝐺𝐺𝑜𝑜𝑜𝑜0 )

350 Kg/m2 s

Initial mass flux rate of the fuel ( 𝐺𝐺𝑓𝑓0 )

112 Kg/m2 s

Initial port diameter ( 𝐷𝐷𝑝𝑝0 )

0.0967 m
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Initial Regression rate ( 𝑟𝑟̇0 )

0.19 cm/s

Solid fuel thickness ( 𝑊𝑊𝑓𝑓 )

0.096 m

Cross-sectional area of solid fuel port ( 𝐴𝐴𝑠𝑠𝑠𝑠 )

587 cm2

Average regression rate ( 𝑟𝑟̇𝑎𝑎𝑎𝑎 )

0.12 cm/s

Final diameter of the port ( Dpf )

0.029 m

Length of the port ( Lp )

1.2 m
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6. Effect of Throttling
We solve the internal ballistics and ascent trajectory equations numerically for the
rocket engine size obtained from initial sizing. To study the effect of throttling, we solve
differential equations considering different oxidizer mass flow rate controls and compare
the results obtained.
6.1. Constant Oxidizer Mass Flow Rate
Initially we consider a constant oxidizer mass flow rate as shown in Figure 6.1. The
maximum altitude reached is calculated using total energy at burn out. Figure 6.2 shows
that the non-dimensional altitude is 0.793, as we are considering the characteristic
altitude to be 100 Km. The altitude reached for this case is 79.03 Km. The mass flow rate
of the fuel decreases with respect time as the area of the port is increasing. The propellant
mass flow rate also decreases. Oxidizer to fuel ratio is increases as shown in Figure 6.5.
The thrust is decreasing with respect to time.

Figure 6.1 Constant oxidizer mass flow rate.
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Figure 6.2 Total energy as a function of time for constant oxidizer mass flow rate (total
energy at burn time gives the maximum altitude reached).

Figure 6.3 Mass flow rate of the oxidizer, the fuel, and the propellant as a function of
time.
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Figure 6.4 Mass of the vehicle as a function of time when the mass flow rate of the
oxidizer is constant.

Figure 6.5 Oxidizer to fuel ratio for constant mass flow rate of the oxidizer case.
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Figure 6.6 Thrust as a function of time for constant mass flow rate of the oxidizer
case.
6.2. Linearly Increasing Oxidizer Mass Flow Rate
We consider linearly increasing the oxidizer mass flow rate such that mass of the
oxidizer remain same as the previous case. Initially, the mass flow rate of the oxidizer is
kept 30% lower than the average mass flow rate of the oxidizer and then linearly
increased to a maximum value of 30% higher than the average mass flow rate of the
oxidizer. The altitude reached for this case is 72.8 Km. Thrust is increasing linearly, as
shown in Figure 6.12, as the mass flow rate of the propellant is also increasing linearly
with respect to time. The mass flow rate of the fuel remains almost constant.
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Figure 6.7 Linearly increasing mass flow rate of the oxidizer.

Figure 6.8 Total energy as a function of time for linearly increasing oxidizer mass
flow rate (total energy at burn time gives the maximum altitude reached).
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Figure 6.9 Mass flow rate of the oxidizer, the fuel, and the propellant.

Figure 6.10 Mass of the vehicle as a function of time when mass flow rate of the
oxidizer is linearly increasing.
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Figure 6.11 Oxidizer to fuel ratio for linearly increasing mass flow rate of the
oxidizer case.

Figure 6.12 Thrust as a function of time when mass flow rate of the oxidizer is
linearly increasing.

32
6.3. Linearly Decreasing Oxidizer Mass Flow Rate
We consider linearly decreasing the oxidizer mass flow rate such that the mass of the
oxidizer remains the same as the previous cases. Initially, the mass flow rate of the
oxidizer is kept 30% higher than the average mass flow rate of the oxidizer and then
linearly decreased to a maximum value of 30% lower than the average mass flow rate of
the oxidizer. The altitude reached for this case is 85.31 Km. Figure 6.18 shows that the
thrust is decreasing with respect to time. The mass flow rate of the propellant and the fuel
are also decreasing with respect to time as shown in Figure 6.15.

Figure 6.13 Linearly decreasing mass flow rate of the oxidizer.
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Figure 6.14 Total energy as a function of time for linearly decreasing oxidizer mass
flow rate (total energy at burn time gives the maximum altitude reached).

Figure 6.15 Mass flow rate of the oxidizer, the fuel, and the propellant.
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Figure 6.16 Mass of the vehicle as a function of time when mass flow rate of the
oxidizer is linearly decreasing.

Figure 6.17 Oxidizer to fuel ratio for linearly decreasing mass flow rate of the
oxidizer case.
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Figure 6.18 Thrust as a function of time when mass flow rate of the oxidizer is
linearly decreasing.
From the above results, we can conclude that by throttling, the performance of a
hybrid rocket can be improved. To obtain an optimal solution for mass flow rate of the
oxidizer, we use a genetic algorithm for optimal control problems. It is also observed that
the fuel is not completely burnt because of the oxidizer to fuel ratio we considered for
initial sizing. We can also obtain the optimal size of the rocket engine by using the
optimal control solution obtained from genetic algorithm.
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7. Optimal Control Method and Sizing
We know from previous results that by controlling the mass flow rate of the oxidizer
hybrid rocket performance can be enhanced. Now, we implement an optimal control
method using a genetic algorithm to obtain the optimal solution for mass flow rate of the
oxidizer.
7.1. Problem Formulation
7.1.1. Dynamic Equations
The dynamic equations for this problem are given by the following equations:

7.1.2. Fitness Function

�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅) 𝑛𝑛
�𝐻𝐻
𝑚𝑚
𝑑𝑑𝐷𝐷
= 2𝜆𝜆1 � 2
�
�𝐻𝐻 (𝑡𝑡̅)
𝑑𝑑𝑡𝑡̅
𝐷𝐷

(7.1)

�̇ 𝑝𝑝 (𝑡𝑡̅)
𝑚𝑚
𝑑𝑑𝑣𝑣̅
= 𝛿𝛿1
− 𝛿𝛿2
� (𝑡𝑡̅)
𝑑𝑑𝑡𝑡̅
𝑀𝑀

(7.3)

𝑑𝑑ℎ�
= 𝑣𝑣̅
𝑑𝑑𝑡𝑡̅

(7.2)

�
𝑚𝑚̇ 𝜏𝜏
𝑑𝑑𝑀𝑀
�̇ 𝑝𝑝 (𝑡𝑡̅) 𝑝𝑝0
= −𝑚𝑚
𝑑𝑑𝑡𝑡̅
𝑀𝑀𝑜𝑜

(7.4)

The genetic algorithm requires to define a fitness function in order to compare the
various members of the population and choose the best control function. In this case the
fitness function is altitude and is given by energy at burnout. As the fitness function is not
given explicitly, we cannot solve the function analytically. To obtain the optimal control
solution, we integrate the dynamic equations using an initial value problem approach and
evaluate the fitness function for each member of the population.
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We define the objective function, which is given by total energy at any time.
1
𝐽𝐽(𝑡𝑡) = 𝑀𝑀(𝑡𝑡)𝑔𝑔ℎ(𝑡𝑡) + 𝑀𝑀(𝑡𝑡)𝑣𝑣(𝑡𝑡)2
2

(7.5)

The minimization function or the fitness function to reach the maximum altitude is given
by the energy at burn out.
1
𝐽𝐽(𝑡𝑡𝑏𝑏 ) = − �𝑀𝑀(𝑡𝑡𝑏𝑏 )𝑔𝑔ℎ𝑏𝑏 + 𝑀𝑀(𝑡𝑡𝑏𝑏 )𝑣𝑣𝑏𝑏2 �
2

(7.6)

where ℎ𝑏𝑏 is the altitude at burn time, and 𝑣𝑣𝑏𝑏 is the velocity at the burn time. The fitness
function in non-dimensional form is given by
𝐽𝐽(̅ 𝑡𝑡𝑏𝑏 ) = − �ℎ�𝑏𝑏 +

7.1.3. Terminal Conditions

𝑣𝑣̅𝑏𝑏2 𝑣𝑣𝑐𝑐2
�
2𝑔𝑔ℎ𝑚𝑚

(7.7)

We define a terminal condition in terms of total mass of the vehicle at burn out which
will ensure that the entire propellant is consumed.
���
𝑀𝑀�𝑡𝑡�𝑏𝑏 � = 1 − ���
𝑚𝑚𝑝𝑝 �𝑡𝑡�𝑏𝑏 � = 0.472

(7.8)

7.1.4. Optimality Conditions

We obtain the necessary conditions for the optimal solution using Pontryagin’s
maximum principle.
The Hamiltonian function is given by:
�𝐻𝐻 � = 𝜆𝜆ℎ� 𝑣𝑣̅ + 𝜆𝜆𝑣𝑣� �𝛿𝛿1
𝐻𝐻�𝜆𝜆, ℎ�, 𝑣𝑣̅ , 𝑚𝑚
�, 𝐷𝐷
�̇ 𝑝𝑝 (𝑡𝑡̅)
+𝜆𝜆𝑚𝑚� �−𝑚𝑚

�̇ 𝑝𝑝 (𝑡𝑡̅)
𝑚𝑚
− 𝛿𝛿2 �
� (𝑡𝑡̅)
𝑀𝑀

�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅) 𝑛𝑛
𝑚𝑚̇𝑝𝑝0 𝜏𝜏
𝑚𝑚
� +𝜆𝜆𝐷𝐷�𝐻𝐻 �2𝜆𝜆1 � 2
� �
�𝐻𝐻 (𝑡𝑡̅)
𝑀𝑀𝑜𝑜
𝐷𝐷

(7.9)

The Hamiltonian minimization condition (the stationary condition) is given by the
derivative of Hamiltonian function with respect to the control input:
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𝜕𝜕𝜕𝜕
𝜆𝜆𝑣𝑣� 𝛿𝛿1 𝛼𝛼 𝜆𝜆𝑚𝑚� 𝑚𝑚̇𝑝𝑝0 𝜏𝜏𝜏𝜏
=
−
�̇ 𝑜𝑜𝑜𝑜
� (𝑡𝑡̅)
𝑀𝑀𝑜𝑜
𝑀𝑀
𝜕𝜕𝑚𝑚
+�

�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅)
𝑚𝑚
�
�𝐻𝐻2 (𝑡𝑡̅)
𝐷𝐷

𝑛𝑛−1

(7.10)
�

𝜆𝜆𝑣𝑣� 𝛿𝛿1 𝛽𝛽𝛽𝛽 𝑛𝑛𝑛𝑛𝑚𝑚� 𝑚𝑚̇𝑝𝑝0 𝜏𝜏𝜏𝜏 2𝜆𝜆𝐷𝐷�𝐻𝐻 𝜆𝜆1
−
+
�=0
� (𝑡𝑡̅)
�𝐻𝐻 (𝑡𝑡̅)
𝑀𝑀𝑜𝑜
𝑀𝑀
𝐷𝐷

where 𝜆𝜆 are the costates and are obtained by integrating following equations:
𝜆𝜆ℎ�
⎡
⎤
𝜆𝜆𝑣𝑣�
⎥;
𝜆𝜆 = ⎢
⎢ 𝜆𝜆𝑚𝑚� ⎥
⎣𝜆𝜆𝐷𝐷�𝐻𝐻 ⎦

� , 𝐷𝐷
�𝐻𝐻 �
−𝜆𝜆̇ℎ� = 𝜕𝜕ℎ� 𝐻𝐻�𝜆𝜆, ℎ�, 𝑣𝑣̅ , 𝑀𝑀
� , 𝐷𝐷
�𝐻𝐻 �
−𝜆𝜆̇𝑣𝑣� = 𝜕𝜕𝑣𝑣� 𝐻𝐻�𝜆𝜆, ℎ�, 𝑣𝑣̅ , 𝑀𝑀
� , 𝐷𝐷
�𝐻𝐻 �
−𝜆𝜆̇𝑚𝑚� = 𝜕𝜕𝑚𝑚� 𝐻𝐻�𝜆𝜆, ℎ�, 𝑣𝑣̅ , 𝑀𝑀

(7.11)

� , 𝐷𝐷
�𝐻𝐻 �
−𝜆𝜆̇𝐷𝐷�𝐻𝐻 = 𝜕𝜕𝐷𝐷�𝐻𝐻 𝐻𝐻�𝜆𝜆, ℎ�, 𝑣𝑣̅ , 𝑀𝑀

Solving these equations lead to a two-point boundary value problem, which are
difficult to solve. To avoid solving TPBVP, we implement a direct search method which
is genetic algorithm to solve for optimal solution.
7.2. Genetic Algorithms
Genetic algorithms are heuristic methods used to generate approximate solutions to
optimization and search problems by relying on biologically inspired operators such as
mutation, crossover, and selection. A typical genetic algorithm requires:
1. A genetic representation of the solution domain
2. A fitness function to evaluate the solution domain
After defining the genetic representation and the fitness function, the genetic algorithm
proceeds to initialize the population and then improve it using genetic operators.
7.2.1. Initialization
The initial population is generated randomly, allowing the entire range of possible
solutions. The population size depends on the nature of the problem.
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7.2.2. Evaluation:
The individual population is evaluated using the fitness function to determine the
fitness of the individual.
7.2.3. Selection:
The fittest individuals are selected for reproduction.
7.2.4. Reproduction:
The new population is generated using genetic operators such as crossover and
mutation. The fitness function will be evaluated for the new population.
7.2.5. Termination:
This generational process is repeated until the population has converged, or the
termination condition has been reached.
7.2.6. Advantages of Genetic Algorithms:
In this approach, the need to solve a difficult two-point boundary-value problem can
be avoided. The optimal solution obtained can be verified by solving the necessary
conditions for an optimal solution. The functions which are not continuous can also be
solved using this method.
7.2.7. Disadvantages of Genetic Algorithms:
In many cases, the convergence of genetic algorithms is very slow. Sometimes the
solution converges to a local minimum instead of a global minimum.
7.3. Results from Genetic Algorithms
The results obtained from the genetic algorithm show that the optimal mass flow rate
of the oxidizer should be constant at the maximum which is constrained to be 30% higher
than the average oxidizer mass flow rate until about one third of the burn time and then
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gradually decreased to the minimum, which is constrained to be 30% lower than the
average oxidizer mass flow rate. The maximum non-dimensional altitude reached in this
case is 1.236 which is 123.6 Km. The results also show that the entire amount of
propellant is used.
The optimal mass flow rate of the oxidizer is obtained to maximize the altitude
reached for a given amount of propellant. Using mass flow rate of the oxidizer obtained
from the genetic algorithm, we minimize the propellant required to reach a specific
altitude.

Figure 7.19 Mass flow rate of the oxidizer as a function of time obtained from genetic
algorithm.
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Figure 7.20 Total energy with respect to time for mass flow rate of the oxidizer
obtained from genetic algorithm (total energy at burn time gives the maximum
altitude reached).

Figure 7.21 Mass of the vehicle as a function of time for optimal mass flow rate of
the oxidizer obtained from genetic algorithm.
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Figure 7.22 Mass flow rate of the oxidizer, the fuel, and the propellant obtained from
genetic algorithm.

Figure 7.23 Genetic algorithm convergence of fitness function.
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Figure 7.24 Oxidizer to fuel ratio for optimal mass flow rate of the oxidizer.

Figure 7.25 Thrust as a function of time for optimal mass flow rate of the oxidizer.
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7.4. Optimal Sizing
In Chapter 6, we observed that the fuel is not burned completely for the given amount
of oxidizer. That is because of the initial oxidizer to fuel ratio we considered for sizing.
To obtain the optimal size of the rocket, we use the oxidizer to fuel ratio obtained from
the genetic algorithm.
The optimal mass flow rate of the oxidizer is obtained from the genetic algorithm.
The genetic algorithm is a heuristic method, and it gives approximate solution to optimal
control problems. We consider three different oxidizer mass flow rates similar to the
solution obtained from the genetic algorithm and a baseline case to compare the results:
1) Constant mass flow rate of the oxidizer; 2) Polynomial approximation of the solution
obtained from the genetic algorithm; 3) Constant mass flow rate of the oxidizer until
about one third of the burn time and then gradually decreasing; and 4) Maximum oxidizer
mass flow rate until half of the burn time and then minimum flow rate until end of the
burn time, which is a bang-bang control.
Initially, we consider the propellant mass and the initial oxidizer to fuel ratio. For
these values we obtain the mass of the oxidizer and the fuel. Then the volume of the
oxidizer, the fuel, and the volume of the fuel per port are calculated. The average mass
flow rates of the oxidizer and the fuel are obtained by considering burn time to be 80s.
The initial port diameter is calculated from the initial mass flux rate of the fuel. The
length of the port is estimated to calculate the initial regression rate, average regression
rate, fuel web thickness, and the final diameter of the port. The initial value problem of
internal ballistics and the ascent trajectory are numerically solved. If the altitude reached
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is 100 km, the process will be stopped: if not, the propellant mass and the initial OF ratio
will be changed and the process will be repeated.

Table 7.1
Optimal Sizing Methodology.

Mass of the Propellant,
Initial O/F ratio

Mass of the oxidizer,
Mass of the Fuel

Volume of the oxidizer,
Volume of the Fuel,
Volume of the fuel per port,

Average mass flow rate of oxidizer and
fuel,

Initial area of the port,
Initial Diameter of the port
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Estimated length of the port

Initial regression rate,
Average regression rate,
Fuel web thickness,
Final diameter of the port

Solving internal ballistics and ascent
trajectory equations

No

Change values of
propellant mass and initial
OF ratio, and repeat the
sizing process

If
Altitude
100Km

Yes

STOP
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7.4.1. Constant Mass Flow Rate of the Oxidizer
The baseline case, where mass flow rate of the oxidizer is constant is considered as
shown in Figure 6.1 to obtain the minimum propellant required to reach 100 Km altitude.
The minimum amount of propellant is 1880 Kg. The best oxidizer to fuel ratio is 4.8.

Table 7.2
Optimal sizing for the case of a polynomial approximation of the control
𝑴𝑴𝒑𝒑 (initial)
1900

𝑶𝑶⁄𝑭𝑭

Max Altitude

𝑴𝑴𝒑𝒑 (Used)

3.12

79.03

1748.52

1900

4.85

105.6

1899.36

1870

4.8

99.73

1868.76

1880

4.8

101.5

1877.76

7.4.2. Polynomial Approximation
The mass flow rate of the oxidizer obtained from the genetic algorithm is
approximated as a polynomial of degree 3 as shown in Figure 7.8. The minimum amount
of propellant required to reach an altitude of 100 Km is 1840 Kg. The best oxidizer to
fuel ratio is 2.8.
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Figure 7.1 Polynomial approximation of optimal mass flow rate of the oxidizer
obtained from genetic algorithm.

Table 7.3
Optimal sizing for the case of a polynomial approximation of the control
𝑴𝑴𝒑𝒑 (initial)

𝑶𝑶⁄𝑭𝑭

Max Altitude
120.1

𝑴𝑴𝒑𝒑 (Used)

1900

3.1

1942.56

1800

3

98.7

1835.64

1820

3

102.2

1854

1840

2.8

100

1839.6

7.4.3. Constant at the Maximum and then Linearly Decreasing
Next, we consider mass flow rate of the oxidizer similar to the solution obtained from
genetic algorithm. In this case, the mass flow rate of the oxidizer is kept constant at the
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maximum value, which is 30% higher the average oxidizer mass flow rate, until about
one third of the burn time and then linearly decreased.

Figure 7.2 Constant mass flow rate of the oxidizer till one third of the burn time and
then decrease linearly.

Table 7.1
Optimal sizing for the case of constant and then linearly decreasing control.
𝑴𝑴𝒑𝒑 (initial)

Max Altitude

5

121.7

𝑴𝑴𝒑𝒑 (Used)

1800

5

103.1

1827.36

1830

4.3

102.3

1820.44

1820

4.5

101

1815.12

1900

𝑶𝑶⁄𝑭𝑭

1919.88
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7.4.4. Bang-Bang Control
Next, we consider bang-bang control in which the mass flow rate of the oxidizer is
kept maximum till half of the burn time and then its minimum till the end of the burn.
The maximum value of the oxidizer mass flow rate is 30% higher than the average mass
flow rate of the oxidizer and the minimum value is 30% less than the average value.

Figure 7.3 Bang-Bang control of oxidizer mass flow rate

Table 7.2
Optimal Sizing for Bang-Bang control
𝑴𝑴𝒑𝒑 (initial)

1900

𝑶𝑶⁄𝑭𝑭

Max

𝑴𝑴𝒑𝒑 (Used)

5

124.4

1920

1800

5

105.1

1848.96

1830

4.3

101.9

1828.08

1820

4.5

102.8

1836.72
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From above four cases, the optimal solution is obtained to be constant mass flow rate of
the oxidizer at maximum value until about one third of the burn time and then linearly
decrease to a minimum value of mass flow rate of the oxidizer. The minimum propellant
required to reach 100 Km altitude is 1820 Kg, and the initial OF ratio for is 4.5. The
optimal size of the rocket can be obtained by considering these values for propellant mass
and the initial OF ratio.
The initial diameter of the port 𝐷𝐷𝑝𝑝0 , the final diameter of the port 𝐷𝐷𝑝𝑝𝑝𝑝 , the solid fuel

web thickness 𝑤𝑤𝑓𝑓 , and the length of the port 𝐿𝐿𝑃𝑃 are obtained to be:
𝐷𝐷𝑝𝑝0 = 0.0984 𝑚𝑚;

𝑤𝑤𝑓𝑓 = 0.0935 m ;

𝐷𝐷𝑝𝑝𝑝𝑝 = 0.2847 𝑚𝑚 ;

𝐿𝐿𝑃𝑃 = 0.8878 m;
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8. Effect of Regression Rate Law on Optimal Control
In this Chapter, we will discuss the internal ballistics of a hybrid rocket engine
depending on the mass flux rate of the fuel and the mass flux rate of the oxidizer for
seven circular ports, (Altman, 1991).
𝑟𝑟̇ (𝑡𝑡, 𝑥𝑥) = 𝑎𝑎𝑥𝑥 𝑚𝑚 [𝐺𝐺𝑓𝑓 (𝑡𝑡, 𝑥𝑥) + 𝐺𝐺𝑜𝑜𝑜𝑜 (𝑡𝑡, 𝑥𝑥)]𝑛𝑛

(8.3)

As discussed in Chapter 3, by considering average regression rate along the port axis the
regression rate equation can be written as:
(8.2)

𝑟𝑟̇ (𝑡𝑡, 𝑥𝑥) = 𝑎𝑎𝑥𝑥 𝑚𝑚 [𝐺𝐺𝑓𝑓 (𝑡𝑡) + 𝐺𝐺𝑜𝑜𝑜𝑜 (𝑡𝑡)]𝑛𝑛

The oxidizer mass flux rate, fuel mass flux rate and the rate of change of hydraulic
diameter are given by the following equations:
𝐺𝐺𝑜𝑜𝑜𝑜 (𝑡𝑡) =
𝐺𝐺𝑓𝑓 (𝑡𝑡) =

4𝜌𝜌𝑓𝑓 𝑎𝑎𝐿𝐿𝑚𝑚+1
𝑝𝑝

(8.3)

4𝑚𝑚̇𝑜𝑜𝑜𝑜 (𝑡𝑡)
𝜋𝜋𝜋𝜋𝐷𝐷𝐻𝐻2 (𝑡𝑡)

𝑛𝑛
1
�𝐺𝐺 (𝑡𝑡) + 𝐺𝐺𝑓𝑓 (𝑡𝑡)�
𝐷𝐷𝐻𝐻 (𝑡𝑡) 𝑜𝑜𝑜𝑜

𝑑𝑑𝐷𝐷𝐻𝐻
4𝑚𝑚̇𝑜𝑜𝑜𝑜
= 2𝑎𝑎𝐿𝐿𝑚𝑚
+ 𝐺𝐺𝑓𝑓 (𝑡𝑡)�
𝑝𝑝 �
𝑑𝑑𝑑𝑑
𝜋𝜋𝜋𝜋𝐷𝐷𝐻𝐻2 (𝑡𝑡)

𝑛𝑛

(8.4)

(8.5)

To non-dimensionalize the internal ballistic equations, we substitute the non-dimensional
parameters introduced in Chapter 3.
Substituting non-dimensional parameters in Equations (8.3), (8.4), and (8.5), we
obtain flowing equations:
̅ (𝑡𝑡̅) =
𝐺𝐺𝑜𝑜𝑜𝑜 (𝑡𝑡)𝐺𝐺𝑜𝑜𝑜𝑜

�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅)
4𝑚𝑚̇𝑜𝑜𝑜𝑜0 𝑚𝑚
2 �2
𝜋𝜋𝜋𝜋𝐷𝐷𝐻𝐻0
𝐷𝐷𝐻𝐻 (𝑡𝑡̅)

(8.6)
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𝑛𝑛
�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅)
4𝜌𝜌𝑓𝑓 𝑎𝑎𝑎𝑎𝑚𝑚+1
4𝑚𝑚̇𝑜𝑜𝑜𝑜0 𝑚𝑚
𝑝𝑝
𝐺𝐺𝑓𝑓0 𝐺𝐺𝑓𝑓̅ (𝑡𝑡̅) =
+ 𝐺𝐺𝑓𝑓0 𝐺𝐺𝑓𝑓̅ (𝑡𝑡̅)�
�
2 �2
�𝐻𝐻 (𝑡𝑡̅) 𝜋𝜋𝜋𝜋𝐷𝐷𝐻𝐻0
𝐷𝐷𝐻𝐻0 𝐷𝐷
𝐷𝐷𝐻𝐻 (𝑡𝑡̅)

�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅)
�𝐻𝐻
𝐷𝐷𝐻𝐻0 𝑑𝑑𝐷𝐷
4𝑚𝑚̇𝑜𝑜𝑜𝑜0 𝑚𝑚
= 2𝑎𝑎𝐿𝐿𝑚𝑚
+ 𝐺𝐺𝑓𝑓0 𝐺𝐺𝑓𝑓̅ (𝑡𝑡̅)�
�
𝑝𝑝
2 �2
𝜏𝜏𝜏𝜏𝑡𝑡̅
𝐷𝐷𝐻𝐻 (𝑡𝑡̅)
𝜋𝜋𝜋𝜋𝐷𝐷𝐻𝐻0

𝑛𝑛

(8.7)

(8.8)

By simplifying the above equations, we get the following equations in non-dimensional
form:
̅ (𝑡𝑡̅) =
𝐺𝐺𝑜𝑜𝑜𝑜
(𝑂𝑂𝑂𝑂)0
𝐺𝐺𝑓𝑓̅ (𝑡𝑡̅) = �
�
(𝑂𝑂𝑂𝑂)0 + 1

𝑛𝑛

�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅)
𝑚𝑚
�𝐻𝐻2 (𝑡𝑡̅)
𝐷𝐷

(8.9)

�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅) 𝐺𝐺𝑓𝑓̅ (𝑡𝑡̅) 𝑛𝑛
1
𝑚𝑚
+
� 2
�
�𝐻𝐻 (𝑡𝑡̅) 𝐷𝐷
�𝐻𝐻 (𝑡𝑡̅) (𝑂𝑂𝑂𝑂)0
𝐷𝐷

𝑛𝑛
�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅) 𝐺𝐺𝑓𝑓̅ (𝑡𝑡̅) 𝑛𝑛
�𝐻𝐻
(𝑂𝑂𝑂𝑂)0
𝑑𝑑𝐷𝐷
𝑚𝑚
= 2𝜆𝜆1 �
+
�
� � 2
�𝐻𝐻 (𝑡𝑡̅) (𝑂𝑂𝑂𝑂)0
(𝑂𝑂𝑂𝑂)0 + 1
𝑑𝑑𝑡𝑡̅
𝐷𝐷

(8.10)

(8.11)

The mass flow rate of the propellant in non-dimensional form can be written as:
�̇ 𝑝𝑝 (𝑡𝑡̅) = 𝑚𝑚̇𝑜𝑜𝑜𝑜0 𝑚𝑚
�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅) + 𝑚𝑚̇𝑓𝑓0 𝑚𝑚
�̇ 𝑓𝑓 (𝑡𝑡̅)
𝑚𝑚̇𝑝𝑝0 𝑚𝑚
�̇ 𝑝𝑝 (𝑡𝑡̅) = �
𝑚𝑚

(8.12)

(𝑂𝑂𝑂𝑂)0
1
�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅) + �
�̇ (𝑡𝑡̅)
� 𝑚𝑚
� 𝑚𝑚
(𝑂𝑂𝑂𝑂)0 + 1
(𝑂𝑂𝑂𝑂)0 + 1 𝑓𝑓

(8.13)

The fuel mass flow is given by:

𝑛𝑛

𝑚𝑚̇𝑓𝑓 (𝑡𝑡) = 𝜌𝜌𝑓𝑓 𝑁𝑁𝑁𝑁𝑁𝑁𝐿𝐿𝑚𝑚+1
𝐷𝐷𝐻𝐻 (𝑡𝑡)�𝐺𝐺𝑓𝑓 (𝑡𝑡) + 𝐺𝐺𝑜𝑜𝑜𝑜 (𝑡𝑡)�
𝑝𝑝

(8.14)

The fuel mass flow rate in non-dimensional form is given by:
�̇ 𝑓𝑓 (𝑡𝑡̅) = �
𝑚𝑚

𝑛𝑛
�̇ 𝑜𝑜𝑜𝑜 (𝑡𝑡̅) 𝐺𝐺𝑓𝑓̅ (𝑡𝑡̅) 𝑛𝑛
(𝑂𝑂𝑂𝑂)0
𝑚𝑚
�
̅
+
� 𝐷𝐷𝐻𝐻 (𝑡𝑡) � 2
�
�𝐻𝐻 (𝑡𝑡̅) (𝑂𝑂𝑂𝑂)0
(𝑂𝑂𝑂𝑂)0 + 1
𝐷𝐷

(8.15)
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We have the hydraulic diameter, the fuel mass flux rate, oxidizer mass flux rate, and the
propellant mass flow rate in non-dimensional form. These equations are coupled nonlinear differential equations. Unlike, the internal ballistic equations obtained in Chapter 3,
in this case mass flux rate of the fuel cannot be obtained directly. To obtain the optimal
control solution for mass flow rate of the oxidizer, we consider the dynamic equations to
be hydraulic diameter equation and the ascent trajectory equations obtained in Chapter 5.
8.1. Optimal Control Solution
The optimal control obtained when regression rate is depending on mass flux rate of
the oxidizer and the fuel behaves similar to the case where regression rate depends only
on the mass flux rate of the oxidizer. The mass flow rate of the oxidizer is constant at
maximum until about one third of burn time and then gradually decreased to the
minimum value.

Figure 8.1 Optimal mass flow rate of the oxidizer obtained from genetic algorithm for
regression rate depending on both oxidizer mass flux rate and the fuel mass flux rate.
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Figure 8.2 Total energy as a function of time for mass flow rate of the oxidizer obtained
from genetic algorithm (total energy at burn time gives the maximum altitude reached).

Figure 8.3 Mass of the vehicle as a function of time for optimal mass flow rate of the
oxidizer.
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Figure 8.4. Mass flow rate of the oxidizer, the fuel, and the propellant obtained from
genetic algorithm when regression rate is depending on mass flux rate of the oxidizer and
the fuel.

Figure 8.5 Genetic algorithm convergence of fitness function.
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Figure 8.6 Oxidizer to fuel ratio for optimal mass flow rate of the oxidizer.

Figure 8.7 Thrust as a function of time for optimal mass flow rate of the oxidizer.
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9. Conclusions
We are considering the performance of a hybrid rocket vehicle in a sub-orbital
mission such as space tourism. First, we study the effect of throttling by considering three
different mass flow rates of the oxidizer as a function of time. We considered a constant
mass flow rate of the oxidizer, linearly increasing and linearly decreasing such that the
amount of oxidizer is same in all the cases. From the results, it is observed that the
performance of a rocket can be enhanced by controlling the mass flow rate of the
oxidizer, and the altitude reached for linearly decreasing mass flow rate of the oxidizer
case was maximum.
Next, the optimal mass flow rate of the oxidizer was obtained as a function of time
using a genetic algorithm in order to maximize the altitude reached for a fixed amount of
propellant. The optimal solution for the mass flow rate of the oxidizer as a function of
time is obtained to be constant at the maximum for about one third of the burn time and
then gradually decreases. Next, we consider the problem of optimal sizing of the vehicle
using the solution obtained from the genetic algorithm. The minimum propellant required
to reach 100 Km altitude and the optimal initial OF ratio are obtained. The minimum
propellant required is 80 Kg less than the base line case, for which the amount of
propellant given is 1900 Kg.
This work can be extended to solve more realistic models of internal ballistics by
considering the variation of the burn along the axial direction. In this problem, a onedimensional trajectory was considered. This method can be applied to optimize twodimensional trajectories. The necessary conditions provided by the Pontryagin’s maximum
principle were not solved. Those equations can also be solved to check for the optimality.
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